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Introduction 
Let r be a discrete group acting on a topological space X, or more generally on 
a pair of spaces (Y, X). The induced action on homology gives Ha(X; R) (respective- 
ly H,( Y, X; R)) an RT-module structure. 
Question. What type of restrictions does the topology of the underlying space im- 
pose on the r-module structure of these modules? 
We study this problem from the point of view of homological algebra in certain 
circumstances motivated by specific topological questions. More specifically, we 
show that RT-projectivity of H,( Y, X; R) and H*(X; R) is detected by restriction to 
‘virtually cyclic’ subgroups of r. This result generalizes our earlier theorems in [5,6] 
for the case Irl< 00 to the effect that RT-projectivity of H*( Y, X; R) and H*(X; R) 
is detected by restriction to prime order subgroups of r. 
Let (YX) be a pair of connected ‘reasonable’ topological spaces (e.g. CW com- 
plexes etc.) with rri(X)~ ~cr( Y)g n, and let G be a finite group acting on (Y,X). 
Suppose p : (F, 2) -+ (Y, X) is the pair of universal covering spaces. Although the 
action of G may not be liftable to a covering action on (Y, X), there exists an exten- 
sion 6, 1 + n--t G -% G--f 1, such that d acts on (Y, 2). G is well defined up to 
isomorphism by the properties that the G-action extends the rc-action of covering 
transformations, and the following diagram commutes: 
Gx(Y,X)- (Km 
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Corollary to Theorem 2.3. Using the above notation, suppose that dim Y< 00, 
H*( Y, X) is finitely presented, and H, (p, ??) = 0 for i # n, and Z-torsion free for 
i=n. Then H,(?,J?) is Z(.?-projective ifand only ifH,,(~,~x)\,,,~~,,,, is Z[B-‘(C)l- 
projective for each cyclic subgroup CC G of prime order. 
We mention an application in topology to the problem of finite domination. 
Recall that a topological space X is finitely dominated if there exists a finite CW- 
complex K and a map f: K+X which has a right homotopy inverse r : X+ K. Now 
suppose that X is a connected CW-complex with n,(X) =I-. For each subgroup 
HC r, let X(H) --t X be the covering space corresponding to the subgroup HC r, i.e. 
x1(X(H)) = H. Suppose that r has a normal subgroup n of finite order, and let 
0: T+r/rc= G be the projection. 
Theorem 3.3. Use the above notation. Then X is finitely dominated if and only if 
X(n) and X(F’(C)) are finitely dominated for each prime order subgroup Cc G. 
This paper is organized as follows. The notation, definitions, and statements 
of some of the preliminary theorems are collected in Section 1 for convenience of 
the reader. Section 2 has the proofs of the algebraic theorems. Section 3 contains 
some applications. Further applications are included in [3] and in a forthcoming 
paper [ 191. 
1. Preliminaries 
We begin with some notation and conventions which will be used throughout the 
paper. We assume that all topological spaces are weakly homotopy equivalent to 
CW complexes. All chain complexes are positive. G denotes a finite group, p is a 
prime divisor of the order of G, and R is a commutative ring with identity. 
A*(G, M) denotes the Tate cohomology [ 10,161. M is called cohomologically trivial 
over G if for all subgroups HL G, E?*(H,M)=O. The R-module HomR(M,M) 
is always given the diagonal action: geG, fEHo%(M,M), (g,f)‘+fg, 
f g(x) = g. f(g-lx). M is called weakly projective if for some f E HomR(M,M), 
c _o gf(g-‘x)=x for all xEM. Let 1 -+ 7r + d + G + 1 be an exact sequence where 
n is any discrete group, and let N be an RG-module. Then Hom,,(N, N) is an RG- 
module with a diagonal action. The concept of weak projectivity is extended to 
(possibly) infinite groups as follows. N is called (RG, Rrr)-projective if there exists 
an f E Hom,,(N, N) such that C_o g. f (g-’ x) =x for all x E N. Thus A4 is weakly 
G-projective if and only if M is (RG, R)-projective. The earliest local-to-global 
criteria of projectivity of modules over finite groups go back to Tate, Nakayama, 
and Rim [15,16]. 
1.1. Theorem (Rim [15]). The following are equivalent: 
(1) M is RG-projective. 
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(2) M is R-projective and cohomologically trivial over G. 
(3) M is RG,-projective for all Sylow subgroups GP. 
(4) M is R-projective and weakly RG-projective. 
Rim’s theorems are stated for R = Z, but his proof applies to give the above more 
general statements. In [ll], Chouinard improved Rim’s theorem and gave more 
general theorems on the relative projectivity of modules as well. Recall that an 
abelian p-group A is called elementary if A = @ ZP, where ZP = Z/pZ. Let gP(G) be 
the collection of p-elementary subgroups of G, and let E(G) = U, g,,(G). 
1.2. Theorem (Chouinard [ll]). An RG-module M is RG-projective if and only if 
M is RA-projective for all A E F. 
Other proofs of Chouinard’s theorem are obtained by Alperin-Evens [l] and 
Jackowski [14]. Next, we examine the projectivity of RA-modules where A = 
z+(x,,..., x,). Let R = Z or FP = field with p elements, and assume that M is an 
R-free finitely generated RA-module. Let k=Fr be an algebraic closure of [FP. It 
follows that M is RG-projective if and only if kgRM is kA-projective. Let J 
be the augmentation ideal: 0-J-t kA ------f k-0 and note that J/J2= k”. Let 
{l-x,,..., 1 -x,} represent basis elements for J/J2=k”. For each (~=(a,, . . . , a,) E 
k”, let u, = 1 + C (ri(Xi - 1); u, is a unit in kA and generates a cyclic subgroup (u,) 
of order p in kA. The cyclic subgroups ( ua) are called ‘shifted cyclic subgroups’ 
of kA (cf. [9,12]); their fundamental property from the homological point of view 
is that kA is k(u,)-free. As a result, as far as homological algebra is concerned, 
(u,) behaves just like a subgroup of A. The following fundamental theorem, 
known as Dade’s Lemma [12], has inspired much of the recent progress in modular 
representation theory. Since kA is a local ring, projective modules are free. 
1.3. Theorem (Dade [12]). A kA-module M is kA-free if and only if MIkCu,) is 
k( u,)-free for all shifted cyclic subgroups u,. 
Although it appears that the choice of generators {xi, . . . ,x,} may cause some 
ambiguity, in fact, this is not so. Because, suppose {y,, . . . ,y,} is another set of 
generators for A, and up = 1 + C pi(yi - 1) is a shifted cyclic subgroup correspon- 
ding to p=(pr, . . . , &)E k”. If ug=uu, (mod J’), then Mlklua) is k(u,)-free if and 
only if MI,,,, is k(ug)-free. Thus the choice of generators for A is immaterial. 
Carlson introduced the following beautiful geometric idea. Let Vi(M)= 
@Ek”:M\k<u,) is not k(u,)-free or (x =O}. Then Vi(M) is an affine homo- 
geneous sub-variety of k”. By the following theorem, Carlson provided a different 
proof of Dade’s theorem (among other properties of his varieties.) 
1.4. Theorem (Carlson [9]). M is kA-free if and only if I/A(M) = 0. 
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In topology, one encounters the problem of deciding the projectivity of modules 
H,(X, Y;R), where a discrete group r acts on the pair (X, Y) and induces a r- 
module structure on the homology. In surgery, transformation groups, problems 
related to finite domination of spaces, and several other circumstances, H,(X, Y) = 0 
except for one dimension i = ~1. In such circumstances, the homology Serre spectral 
sequence of the Bore1 construction (twisted product) E, x,- (X, Y) + BT collapses. 
In [2,5] we proved the following theorem which may be regarded as a sequel to Rim, 
Chouinard, and Dade’s theorems: 
1.5. Theorem ([2,5]). Let (X, Y) be a pair of connected G-spaces such that M= 
H*(X, Y) is finitely generated and the Serre spectral sequence of E/q xA (X, Y) + BA 
collapses for all maximal A E &. Then M is LG-projective if and only if M inc is 
ZC-projective for all subgroups Cc G of prime order. 
The above theorem has had applications in transformation groups, homotopy 
theory and equivariant surgery (e.g. to the problems which are reduced to G-actions 
on simply-connected spaces.) Cf. [2,3,5,6] for instance. To deal with non-simply- 
connected spaces with finite group actions, one needs to consider homology with 
local coefficients, and actions of possibly infinite discrete groups. In the next section 
we discuss the algebraic aspects of such problems. 
2. Projective modules 




Definition. For each subgroup HC G, we let A= K’(H). If C is a cyclic group, 
then we call C?=K’(C) a virtually cyclic subgroup of G. If (u,) CkA, A E&~(G), 
is a shifted cyclic subgroup (see Section l), then 0-l (u,) Ckd is called a virtually 
shifted cyclic subgroup. 
2.1. Lemma. (a) M is kd-projective if and only if M is (ke, krc)-projective and kn- 
projective. 
(b) M is (kc”, kz)-projective if and only if Homk,(M, M) is kc-projective. 
Proof. (a) This is essentially Rim’s theorem: if M is R-projective and weakly RG- 
projective, then M is RG-projective (see Theorem 1.1 and [ 151). 
(b) If M is (ke, krc)-projective, then there exists f E Hom,,(M,M) such that 
vo.f=l,,,, where vG= CREG g is the norm and 1, is the identity. It follows from 
Integral representations II 231 
Rim [15, Proposition 2.11 that Homk,(M,M) is a weakly projective G-module. 
Since Hom,,(M,M) is also k-projective (in fact k-free), we conclude that 
Homk,(M, M) is kG-projective. The converse is similar: if Hom,,(M,M) is 
kG-projective, then J?‘(G, Hom,,(M, M)) = 0 so that vo + Hom,,(M, M) = 
Hom,,(M,M)G (cf. [lo, 161). Therefore lM= voef, and M is (kG, kn)-projective 
(cf. also [l l]), q 
2.2. Theorem. Let A4 be a finitely generated kC?-module which is krc-projective. 
Then M is kC.?-projective if and only if M [kg is kg-projective for all virtually shifted 
cyclic subgroups SC kG. 
Proof. Since kG is kS-free, kfi is kg-free with a basis which is a lift of a kS-basis 
for kG. Hence, if A4 is kG-projective, then it is also k%projective for all virtually 
shifted cyclic subgroups SC kfi. Conversely, suppose that M lkg is kg-projective for 
all such s. From Lemma 2.1, it follows that M is (kl?, krr)-projective; hence 
Hom,,(M,M) is kS-projective for all shifted cyclic subgroups SC kA, A E&$(A). 
Therefore, Hom,,(M,M) is kA-free by Dade’s theorem (Theorem 1.3 above). 
Since this holds for all A E gp(G), Chouinard’s theorem (Theorem 1.2) implies that 
Hom,,(M,M) is kG-projective. Once again, Lemma 2.1(b) implies that A4 is 
(kC?, krc)-projective, and by Lemma 2.1(a), M is kG-projective, since A4 is also kn- 
projective by hypothesis. 0 
We apply Theorem 2.2 to G-modules arising from G-action on topological spaces. 
The following theorem is the non-simply connected analogue of the results of [2,5] 
(see also [6]). Given a G-map f: X+ Y, we replace Y by the mapping cylinder Y’ 
of f to convert f into an equivariant inclusion f’ : X-t Y’. Suppose z,(X) = 
rr,( Y) = n and f induces an isomorphism on the fundamental groups. Then for the 
homology with local coefficients RTC, we have the following: H,(f ‘; R~c)E 
H*( Y’, X; Rn) G H,( P’, 2; R), where (Y’, 2) is the universal covering pair of (Y, X). 
Let p : G x Y’-+ Y’ be the G-action and p : Y’ + Y’ the projection. Then there exists 
an extension 1 -+ ;rc-‘G L G+ 1 and an action @ : t? x P’- P’ such that: (i) @ 




exp! v, lp 
Gx Y'-Y' 
Furthermore, G and @ are well defined (up to conjugation). See [7, Chapter 21 for 
details (also [13] for the details on equivariant cohomology and Borel’s construc- 
tion). Therefore, the homology groups with local coefficients H*(Y’;Rrr) and 
H,( Y’, X; R7r) = H,( f ‘; Rn) become RG-modules. For simplicity and by a standard 
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abuse of notation, we denote Y’ and f’ by Y and f respectively and we think of all 
equivariant maps f as inclusions. (These comments apply to any regular covering 
with deck transformations II.) 
2.3. Theorem. Let X and Y be connected G-spaces with n,(X) z 7c = z1 (Y) and let 
f be a G-map, f: X+ Y, inducing an isomorphism on the fundamental groups. 
Suppose that: (i) Mz H,( Y, X; kn) is a finitely presented kTc-projective module; 
and (ii) for each maximal A E&,(G), the Serre H,(-; k)-spectral sequence of 
EA X, (Y, X) + BA collapses. Let d be as above and consider the kG-module M. 
Then M is kG-projective if and only if for cyclic subgroups CC G of order p, M Ike 
is kc-projective. 
Proof. According to Theorem 2.2, the kG”-projectivity of M implies that M is kc- 
projective. To establish the converse, assume that M is kc-projective for all p-order 
subgroups CC G. We need the following lemma: 
2.4. Lemma. Suppose M is a finitely presented Rrt-projective RG-module. Then 
Hom,,(M,M) is G-projective if and only if Hom,(R@, M,R@, M) is 
G-projective. 
Proof. See Lemma 1.12 of [19]. 0 
2.5. Lemma. Let N be an R-projective RG-module. Then N is RG-projective if and 
only if Horn, (N, N) is RG-projective. 
Proof. Since Hom,(N, N) z Hom,(N, R) OR N, it follows that Hom,(N, N) 
is RG-projective if N is RG-projective. Conversely, assume that N is R-projective 
and Hom,(N, N) is RG-projective. Let V: Hom,(N, N) OR N-t N, ~(a, x) = 
(x(x) be the evaluation map. Then r;l is an RG-homomorphism when we equip 
Hom,(N, N)@a N with the diagonal action: g. (a@x)=org@gx, c@(y)=g(~(g~‘y), 
so 
V(c@O@) =&g-l . gx) = go(x) = g?/(aOx). 
Moreover, < : N+ Hom,(N, N) OK N given by c(x) = 1,0x (lN= identity) defines 
an RG-splitting of r, so that N is a direct summand of Hom,(N, N). Hence N is 
also RG-projective. 0 
We complete the proof of Theorem 2.3 as follows. Consider the Cartan-Leray- 
Serre spectral sequence of the fibration pair (see e.g. [S]), 
(Y,X)-(Y,X)-tBn, 
in which the E,-term is H*(z; H,(Y, X; k)) * H,( Y, X; k). Since M is kn-projective, 
it follows that H,(rc, M) = 0 for all i> 0, and HO(z, M) E M/I, M= k@, M where Z, 
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is the augmentation ideal. Hence H,( Y,X; k) E k@, M. By assumption, M= 
H,( F,X; k) =.H,( Y,X; k~) is kc-projective for all CC G of order p. Thus M is 
(kc, kn)-projective, hence Hom,,(M,M) is kc-projective. By Lemmas 2.4 and 2.5, 
Hom,(k@,M, k&M) and k&M are kc-free. By Theorem 1.5, H*(Y,X; k) is 
kG-projective, hence Hom,(kO, M, k@, M) by Lemma 2.5, and Hom,,(M,M) 
by Lemma 2.4 are kG-projective. Now Lemma 2.1, and krc-projectivity of Mimplies 
that M is k&-projective. 0 
2.6. Theorem. Let f: X-t Y be as in Theorem 2.3, and suppose that: (i) M= 
H,( Y, X; zn) is finitely presented and &t-projective and (ii) the homology spectral 
sequence of EA xA (Y,X)+ BA collapses for all maximal A E &. Then M is ZG- 
projective if and only if Mld~ is ??C-projective for all virtually cyclic subgroups 
CC (? corresponding to p-order subgroups CC G. 
Proof. We consider R =Z. Then Hom,(M,M) is ZG-projective if and only if 
Hom,(M,M) is ZA-projective for all A E& according to Chouinard’s theorem. 
Since kA-projectivity of Hom,,(k@, M, k@, M) implies U-projectivity of 
Homz,(M,M) (because Homz,(M,M) is Z-free), we are in the situation of Theo- 
rem 2.3. 0 
In the following section we illustrate some applications where the hypotheses of 
the above theorems hold by the nature of the problem. 
3. Some topological applications 
The first application is a generalization of results in [5] to non-simply connected 
spaces, relating fixed point theory of periodic maps to the induced module structure 
of homology. Results of this kind are basic to the homotopy-theoretic constructions 
in finite group actions on manifolds. Applications of these ideas appear in [3]. 
3.1. Theorem. Suppose f: X+ Y is a G-map as in Theorem 2.3, satisfying conditions 
(i) and (ii) of Theorem 2.3 for all primes p 1 (G 1. Assume further that dim X< co and 
dim Y< 00. Then M=H,(Y, X;&t) is ZG-projective if and only if for all Cc G, 
ICI =p, f induces an isomorphism (f Ixr),: H,(XC; lFP)+H,(YC; F,). 
Proof. According to [5] (see also [2]), (f Ixc) * is an isomorphism for all such 
CC G if and only if H*( Y,X) is ZG-projective. From the proofs of Theorems 2.3 
and 2.6 above, it follows that H,( Y, X) 3 L 0, M is ZG-projective if and only if M 
is Zd-projective. (See [19, Lemma 1.121.) 0 
3.2. Corollary. Suppose X and Y are connected finite-dimensional G-spaces with 
finitely generated homology, and f: X-t Y is a G-map inducing an isomorphism 
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f# :n,(X)-*n,(Y)=7r=finite group. Assume that Hi(Y,X;&r)=O for all i+n, 
and H,,( Y, X; Zn) is Z-free. Then H,,(Y, X; Zz) is Ze-projective if and only if 
(f jX’.)*:H*(XC;~~)-tH*(YC;~~) is an isomorphism for all CcG, (C( =p. 
Proof. Since the dimensions of X and Y are finite and H,(Y,X,Zrr) is the only 
non-vanishing homology which is Z-torsion free, it follows that C,( Y, X; &T) is ZTC- 
chain homotopic to a &r-free chain complex which vanishes in degrees above n. 
Furthermore, from the Cartan-Leray-Serre spectral sequence of the covering 
(zX)+(Y,X) ((EX) is the universal covering pair) it follows that H,(zX) =0 
for i<n. Hence H,(Y, X) is the only non-vanishing homology. We now apply 
[ 18, Lemma 2.3(a)] (see also [ 171); hence H, (Y, X; Zn) is a finitely generated 
projective &-module. The Serre spectral sequence of EA xA (x X)+BA also 
degenerates for each A E&(G) since it has only one row. Therefore the hypotheses 
of Theorem 3.1 are satisfied and the corollary follows. 0 
As another type of application, consider the question of finite domination of 
topological spaces with finite rc,. Recall that a topological space X is called finitely 
dominated if there exists a finite CW complex K and a map f :K-+X which is a 
domination, i.e. f has a right homotopy inverse r: X-+K. According to Wall [17], 
a CW complex X with H,(X) finitely generated is finitely dominated if and only 
if in C,(X) (= cellular chains of the universal covering space), Ker(8, : C,,(X)-+ 
C,_ i(X)) is an,(X)-projective for some (hence all) sufficiently large n. If X is 
finitely dominated, then X is homotopy equivalent to a finite-dimensional CW 
complex with finitely generated total homology. See [19] for generalizations to 
infinite 71. 
Let X be a connected space with n,(X)= G. For each subgroup HL G, we 
denote by X(H) the covering space X(H)+X corresponding to the subgroup H, 
i.e., nl(X(H)) = H. 
3.3. Theorem. Let X be a CW complex such that z,(X) = (I?, and let ?I be a normal 
subgroup of finite order, and let 0 : 6; --t G = G;/7c be the projection. Then X is finite- 
ly dominated if and only if X(n) and X(c) are finitely dominated for all 
2; = 0- ’ (C) c 6( virtually cyclic subgroups corresponding to prime order subgroups 
CCC. 
Proof. If X is finitely dominated, then X(n) and X(C) are all finitely dominated. 
To prove the converse, we prove that M= Ker(8,, : C,,(X) --t C, _ i(X)) is ZG- 
projective, where (C,(X),$*) is the cellular chain complex of X(1)=X. Since X(n) 
is finitely dominated, it is homotopy equivalent to a complex K, dim K = m < a, 
such that H&K; Z7c) is &c-finitely generated. Hence, on the level of universal cover- 
ing spaces, X is homotopy equivalent to the universal cover R, so that the complex 
C,(X) is exact at all degrees iz m + 1. Moreover, for all n I m + 1, Ker 8n is &r- 
projective and finitely generated, since we may assume that X(n) has only finitely 
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many cells in each dimension (up to homotopy) [ 171. Let Gi =ZL be an elementary 
abelian p-subgroup of G, and note that X(n) is a free G-complex. Let d,(n) be the 
chain complex 
(C*(n)) C,J.+ Cn_i(X)-) . . . ‘C,(8). 
Choose n sufficiently large whenever needed, (nz m + 1 is sufficient in most 
arguments). Let C;(n) = Z 0, C*(n) and ai = 10, d,. For each CC G, , 1 C 1 =p, 
consider C=&‘(C), and assume that X(C) is finitely dominated, so that 
Ker $n EM is Z(C)-projective by Wall’s criterion [ 171. 
3.4. Lemma. Let M’ = Ker 8;. Then M’ is UC-projective for all CC G, , /C 1 =p. 
Proof. Since M is &r-projective, M’=Z@, M. Now apply Lemmas 2.1, 2.4, and 
2.5. 0 
3.5. Lemma. The kG, -free chain complex C,(X(n); k) is finitely dominated if and 
only if H *(G,; k) acts nilpotently on H$(X(n); k). 
Proof. This follows from [4, Corollary 1.3 and Theorem 1.41. 0 
Since X(C) is finitely dominated, H *(C; k) acts nilpotently on H,*(X(n); k) for 
all CC G, , 1 C) =p. The argument in the proof of [2, Theorem 2. l] shows that this 
information is sufficient to imply that H*(G1 ; k) acts nilpotently on Hz, (X(z); k). 
Hence, by Lemma 3.5 above, C,(X(n); k) is finitely dominated as a kGl -complex. 
Thus k@M’ is kG1 -projective which implies that M’ is ZG, -projective (see Section 
1). Since G, is an arbitrary p-elementary abelian subgroup of G, M’ is ZG- 
projective by Chouinard’s theorem (Theorem 1.2 above). Now we apply Lemmas 
2.1, 2.4, and 2.5 to conclude that M is Z&projective. Namely, M’zZ@, M im- 
plies that Hom,(M, M) is ZG-projective. Hence M is (ZG, &)-projective. Since M 
is also Zn-free, it is ZG-projective. We apply [17] to conclude that X is finitely 
dominated. 0 
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